Abstract. I show that the cohomology of the generic points of algebraic complex varieties becomes stable birational invariant, when considered 'modulo the cohomology of the generic points of the affine spaces'.
Notations. From now on we fix an algebraically closed field k of characteristic zero, and denote by E a variable coefficient field of characteristic zero. Denote by Vec E the category of E-vector spaces.
I am interested in birational invariants of (or "presheaves on") k-varieties. More precisely, let Sm ′ k be the category, whose objects are smooth k-varieties and the morphisms are smooth k-morphisms. Define the pretopology on Sm ′ k by saying that the covers are dominant morphisms. Recall, that a presheaf is a sheaf if the following diagram is an equalizer for any covering Y → X:
The category of the sheaves of E-vector spaces on this site is denoted by Sm G (E) and Sm G := Sm G (Q).
Example. For each irreducible smooth k-variety X and integer 0 ≤ q ≤ dim X let Ψ X,q : Y → Z q (k(X) ⊗ k k(Y )) Q (Q-linear combinations of irreducible subvarieties on X × k Y of codimension q dominant over X and Y .) This is a sheaf. Set Ψ X := Ψ X,dim X . The sheaves Ψ X for all X form a system of generators of Sm G .
Definition. 1. A presheaf F is A 1 -invariant (or stable) if F(X) ∼ −→ F(X × A 1 ) for all X.
The author was supported by the National Science Foundation under agreement No. DMS-0635607. During the final writeup, the author was partially supported by RFBR grant 10-01-93113-CNRSL-a and by AG Laboratory GU-HSE, RF government grant, ag. 11 11.G34.31.0023. 1.1. Examples of A 1 -invariant presheaves. In this section we consider some examples of dominant presheaves with values in various abelian categories. They come either from algebro-geometric constructions, or from a cohomology theory H * (with coefficients in a commutative Q-algebra B). As Example 5 suggests, those of these examples that are A 1 -invariant sheaves, are related. This is one of motivations for Conjecture 1.4.
Let S be a collection of dominant morphisms in
An effective pure motive is a pair consisting of a smooth projective variety and a projector in the algebra of correspondences modulo numerical equivalence. Morphisms of co(ntra)variant pure motives are defined by correspondences modulo numerical equivalence so that they behave as action on the (co)homology.
Denote by M k the category of covariant pure k-motives (and by M op k its opposite, the category of contravariant pure k-motives). By a well-known result of U.Jannsen, these two categories are abelian and semisimple. A simple effective pure motive is called primitive if it is "not divisible by the Lefschetz motive", the motive (P 1 , π), where π induces 0 on the 0-th and the identity on the second (co)homology.
Denote by Y prim the sum in the motive of Y of all its primitive submotives; CH q is the (Chow) group of codimension q cycles modulo rational equivalence. We also use notations and identifications of §2. ), all these invariants have Galois descent property. Except for Z q (Y × k F ) Q for q > 0, K q (Y ) Q for q ≥ 0 and H q (Y ) for q > 0, all these invariants are birational. (N 1 in example 8 (a) denotes the first term of the coniveau filtration on H * .) Some of the above presheaves are defined using a compactification Y . To show that each of such presheaves is in fact well-defined (and therefore, birationally invariant), one can use the facts that (i) any birational map is a composition of blow-ups and blow-downs with smooth centres, cf. [1] , and (ii) the cohomology (resp., motive) of a blow-up is the direct sum of the cohomology of the original variety and of the Gysin image (resp., Tate twist) of the cohomology (resp., motive) of the subvariety which is blown up. Such a presheaf is A 1 -invariant, since the cohomology (resp., motive) of the product of a proper variety X with the projective line is the direct sum of the pull-back of the cohomology (resp., motive) of X and of the Gysin image (resp., Tate twist) of the cohomology (resp., motive) of X × {0} ∼ = X.
To conclude that a birational A 1 -invariant presheaf is a sheaf, one checks that it has the Galois descent property, so Proposition 1.7 can be applied.
1 is a sheaf; it is simple (=irreducible) for simple A. Let a presheaf F be the composition of the Picard functor Y → Pic 0 (Y ) with an additive functor on the category of abelian k-varieties, e.g. Pic
where A runs through the isogeny classes of simple abelian k-varieties andÃ is a representative of A.
Thus, such sheaves F are direct sums of copies of simple sheaves H A 1 . Proof. Suppose that A is an abelian category. Then any semisimple object N ∈ A splits canonically into the direct sum over the isomorphism classes M of simple objects in A of its M -isotypical parts N M . Clearly, for any representativeM of the isomorphism class M the natural morphism
. This is an isomorphism. Applying an additive functor F : A → B op to the above isotypical decomposition of N , we get a canonical isomorphism
where the following duality is used:
As A, we take either the category of abelian k-varieties with morphisms ⊗Q, or the bigger category M op k . In the case of abelian varieties, the isomorphism classes of simple objects are the isogeny classes of simple abelian k-varieties, whereas the existence of the isotypical decomposition corresponds to the fact that for any abelian k-variety B the natural morphism A Hom ab.k-var (Ã, B) ⊗ End(Ã)Ã → B, ϕ ⊗ a → ϕ(a), where A runs through the isogeny classes of simple abelian k-varieties andÃ is a representative of A, is an isogeny.
Thus, any sheaf F with semisimple values in A also splits canonically into the direct sum over the isomorphism classes M of simple objects in A of its M -isotypical parts F M .
When A = M op k and F is the dominant sheaf Y → Y prim , we get that F splits canonically into the direct
is a simple sheaf.
If B = Alb(Y ) (the Albanese variety) then Hom ab.k-var (B,Ã) =Ã(k(Y ))/Ã(k), and thus,
. It is quite evident that HÃ 1 is a sheaf. By Proposition 1.7, in the case of abelian varietyÃ, it suffices to check the Galois descent property, which is equivalent to the following one: for any abelian k-varietyÃ and any finite group H of its automorphisms such that H 0 (H,Ã) = 0 one has F(Ã) H = 0. Clearly, this property holds. The simplicity of the sheaf HÃ 1 follows from the fact that for any algebraically closed field extension K|k(Ã) and for any subvariety Z of A of positive dimension there are no proper subgroups ofÃ(K) containing all generic K-points of Z. (Any point ofÃ is a sum of generic points ofÃ; any sum of dim A generic K-points of Z in sufficiently general position is a generic point of Z). This argument works more naturally in the context of representations, cf. §2.
Remark. For an abelian k-variety A, the sheaf A Q : Y → A(k(Y )) Q factors through the Albanese functor, but considered as a functor to the category of torsors over abelian k-varieties, so additive functors do not make sense and Lemma 1.1 is not applicable to this sheaf. In particular, it is not semisimple. ), (ii) they can be naturally identified with the irreducible effective primitive motives, and (iii) the isomorphism classes of irreducible subquotients of H
• are related to more general irreducible effective motives, such as the Tate motive Q(−1) in the case of H 1 dR/k . Lemma 1.2. Any dominant sheaf F with values in an abelian category with objects of finite length (e.g., in a category of finite-dimensional vector spaces) is A 1 -invariant.
Proof. Any smooth morphism of connected smooth k-varieties is covering, so
is a cover for any X. On the other hand, it is the coequalizer of X ×(
, the source and the target of p * are isomorphic. As they are of finite length, the inclusion p * is an isomorphism. This implies that the involution (12) is identical on F(X × (A 1 × A 1 ∆)), so in the exact sequence, defining the sheaf condition for the cover
Clearly, a subsheaf of an S-sheaf is an S-sheaf: if G is a subsheaf of an S-sheaf F then for any (Y → X) ∈ S the parallel arrows in the upper line in the commutative diagram
coincide, so the parallel arrows in the lower line also coincide, i.e. G is an S-sheaf.
Assume that there are generically non-finite morphisms in S with arbitrary targets. Thus as before, I G is a particular case of Sm 
is a well-defined sheaf of finite-dimensional Q-vector spaces ( [7] ). A particular case of this example is the sheaf H A 1 , corresponding to the motive "H 1 (A)" for any simple abelian k-variety A. 
1 Example. Let r ≥ 1 be an integer and X be a smooth proper k-variety with Γ(X, Ω j X|k ) = 0 for all r < j ≤ dim X. Let Y be a sufficiently general r-dimensional plane section of a smooth projective variety X ′ birational to X. Then, as all considered invariants are birational, the inclusion Y ֒→ X ′ induces an injection Γ(X, Ω
If Γ(X, Ω
≥2
X|k ) = 0 then the Albanese map induces an isomorphism CH 0 (X) 0 ∼ −→ Alb(X)(k), where CH 0 (X) 0 is the Chow group of 0-cycles of degree 0 and Alb(X) is the Albanese variety of X. (The converse, due to Mumford, is well-known.) In that case
. By Proposition 3.1, the homomorphism α * coincides with the pull-back under f * :
As the latter is injective, we conclude that Hom G (C, Ω • F |k ) = 0. If C = 0 then it is cyclic, and thus, admits an simple quotient, and therefore, a non-zero morphism to Ω • F |k . This contradiction implies that C = 0. As the objects Q and AlbX(F ) Q of I G are projective ( [7, §6.2] ), the natural surjections deg : C k(X) → Q and Alb F : ker deg → AlbX(F ) Q are split, so the cyclic G-module C k(X) is isomorphic to a direct sum of type
. Therefore, the G-module ker Alb F should be zero, as otherwise it is cyclic, thus admits a non-zero simple quotient, and (by Conjecture 1.5) a non-zero morphism to Ω • F |k . It remains to take the G-invariants of ker deg
Also this would imply that any irreducible A 1 -invariant sheaf is a sheaf of finite-dimensional vector spaces. Example. Let F be a simple A 1 -invariant sheaf and suppose that it is of level 1, i.e. it is non-constant and F(Y ) = 0 for a curve Y , cf. also p.15. Then, by [7, Corollary 6 .22], F ∼ = H A 1 for a simple abelian variety A. 
Conversely, it is clear that any Galois-separable presheaf F satisfying (i) and (ii) is separable: if Y → X is a cover, i.e. a smooth dominant morphism, then for any sufficiently general dominant map ϕ :
Galois with the group denoted by H, and therefore, the composition
is injective. Then in the commutative diagram
all arrows are injective, so it suffices to show the exactness of the upper row.
2 E.g., any A 1 -invariant presheaf F satisfies the condition (i).
Let f be an element of F( Y ). The image of f in F( Y × X Y ) under the projection to the first factor is fixed by {1} × H; the image of f in F( Y × X Y ) under the projection to the second factor is fixed by H × {1}. Now if f is an element of the equalizer of F( Y ) ⇒ F( Y × X Y ) then the two images coincide, so they are fixed by the group H × H. The injectivity of both parallel arrows in the upper row of the diagram (2) implies that f ∈ F( Y ) H . By (iii) and the injectivity of the vertical arrow, f comes from the equalizer of the bottom row of the diagram (2) . Finally, the bottom row of the diagram (2) is exact by Lemma 1.8, and thus, f comes from F(X). Lemma 1.8. Let V be a category of schemes such that for any X ∈ V: (i) the projection X × A 1 → X is a morphism in V, (ii) any linear automorphism of any affine space A induces an automorphism of X × A in V. Let F be a presheaf on this category such that the sequence
is exact for any X ∈ V and any s ≥ 1.
Proof. We proceed by induction on s, the case s = 1 being trivial. Denote by pr 1 , pr 2 : X × A 2s ⇒ X × A s the two projections. For any f ∈ F(X ×A s ) the element pr * 1 f is fixed by Φ * ∈ End F(X ×A s ×A s ) for any linear automorphism
Let now f ∈ F(X × A s ) be in the equalizer of pr * 1 and pr * 2 . Then pr * 1 f = pr * 2 f is fixed by the group, generated by Φ * and Ψ * as above. Clearly, such automorphisms Φ and Ψ generate the group consisting of all linear automorphisms α. Then pr * 1 f = α * pr * 1 f . Applying the induction assumption in the case where α is identical on one of the first s coordinates and interchanges i-th and (s + i)-th for other 1 ≤ i ≤ s, we get that f belongs to the image of F(X × A 1 ) → F(X × A s ) under morphism induced by the projection A s → A 1 to one of the copies of A 1 . Then the case s = 1 implies that f comes from F(X).
Examples. 1. A stable birationally invariant dominant presheaf with the Galois descent is a sheaf. 2. Example of a birationally invariant presheaf F with the Galois descent property which is not a sheaf. Let G be a dominant sheaf and I {0, 1, 2, . . . } be a non-empty (finite or infinite) interval. Assume that 
Remarks. 1. This is known, e.g., if X is a curve, cf. [7, Cor.6 .21] and Proposition 2.10 for a stronger statement. Conjecture 1.9 would imply that I G is a tensor category under the operation (F, G) → I(F ⊗ Sm G G) =: F ⊗ I G, where ⊗ Sm G denotes the sheafification of the tensor product presheaf. Moreover, the "Künneth formula" holds:
2. It is shown in [7, Proposition 6 .17] that, roughly speaking, C k(X) is the quotient of generic 0-cycles on X by those divisors of rational functions on generic curves on X which are generic, and thus, Conjecture 1.9 should be considered as a moving lemma.
3. Conjecture 1.9 and the motivic conjectures imply conjectures 1.4 and 1.5.
Alternative descriptions of A 1 -invariant sheaves
Now I want to introduce the language of representations and to use it to explain some results and conjectures of §1, especially Conjecture 1.9. Passing to the inverse limit, we get the algebra structure on
If the annihilator of W ∈ Sm H (E) in D E (H) vanishes then the restriction of W to any compact subgroup U contains each smooth irreducible representation of U . (Otherwise, if W does not contain a smooth irreducible representation ρ of U then the natural projector in D E (H) to the ρ-isotypical part would annihilate W .) 2.2. A representation theoretic setting for (A 1 -invariant) sheaves. In this section, for a group H as in §2.1 and a collection S of pairs of its subgroups, we study the category Sm 
Lemma 2.1. Assume that for any pair (U 1 ⊂ U 2 ) ∈ S the functor H 0 (U 1 , −) is exact on Sm H . Then the category Sm S H (E) is stable under passing to the subquotients in Sm H (E), and in particular, it is abelian. The inclusion functor Sm
2 ). This means that Sm S H is stable under taking subquotients in Sm H .
The existence of the functor I S can be deduced from the special adjoint functor theorem, cf. [5, §5.8]. However, we construct it "explicitly", which enables us to relate the generators of the category I G to the Chow groups of 0-cycles.
Let
trivially, and therefore, the subrepresentation
The representation I S W of H is smooth, so the map W U 1 −→ (I S W ) U 1 , induced by the projection, is surjective, and therefore, any element w ∈ (I S W ) U 1 can be lifted to an element w ∈ W U 1 . Then σw − w coincides with the projection of the element σw − w for any σ ∈ U 2 . Notice that σw − w ∈ W U 1 ⊂U 2 , so its projection is zero, and therefore, σw = w for any σ ∈ U 2 . As ( Remark. The functor I S generalizes the coinvariants, since I S = H 0 (H, −) if S = {({1} ⊂ H)}. Examples. 1. The functor H 0 (U 1 , −) is exact on Sm H if, e.g., the subgroup U 1 is compact. 4 
The diagrams
SmH (E)
and SmH(E)
are commutative for any field extension E ′ |E, so omitting E from the notation does not lead to a confusion.
2.
Suppose that H is the automorphism group of an algebraically closed field extension F |k of countable transcendence degree and U 1 is the subgroup of automorphisms of F over a fixed subextension of k in F of infinite transcendence degree. Though U 1 need not be compact, the functor H 0 (U 1 , −) is exact on Sm H . Proposition 2.2. Let H be a totally disconnected group and S be such a collection of pairs of its subgroups
(ii)
One may replace W by its quotient by a maximal subrepresentation not containing u. Then the subrepresentation u , generated by u, becomes irreducible, and thus, an object of Sm
The latter vector space coincides with W U 2 , and thus, v ∈ W U 2 , contradicting our assumptions.
The converse follows from Lemma 2.1.
2.3.
More notations and compatibility of notations of §2.2 and §1: the sheafification and smooth representations. From now on we fix the following notations: F |k is an algebraically closed field extension of countably infinite transcendence degree, and G = G F |k is the automorphism group of the extension F |k. Consider connected smooth k-varieties U endowed with a generic F -point, i.e., with a k-field embedding
֒→ F . For any presheaf F on Sm ′ k we can form the direct limit F(F ) := lim − → F(U ) over such U . The group G = Aut(F |k) acts naturally on F(F ).
Theorem 2.3 ([4]).
• F → F(F ) gives an equivalence of the categories Sm • For any presheaf F, the sheaf corresponding to F(F ) is the sheafification of F.
2.4.
An example: birational invariants constant on the projective spaces. Let S consist of a single pair K ⊂ G such that K is a 'maximal' compact subgroup, i.e., any compact subgroup is conjugate to a subgroup of K. Then S is equivalent to the collection consisting of a single pair K ′ ⊂ G, where K ′ is the pointwise stabilizer of some transcendence base of F |k, and also to the collection S ′ of pairs U ⊂ G such that U is the pointwise stabilizer of a finite subset of a fixed transcendence base of F |k. The collection S ′ satisfies the assumptions of Proposition 2.2.
Lemma 2.4. Let E ′ |E be an extension of fields, H be a group and (ρ, W 2 ) be an irreducible E ′ -representation of H. Let W 1 be an E-representation of H, absolutely irredicible even in restriction to ker ρ. 5 Then the
Proof. Let ξ ∈ W 1 ⊗ E W 2 be a non-zero vector. It suffices to check that the
for some 1 ≤ m ′ ≤ m, and therefore, the E[ker ρ]-submodule in W 1 ⊗ E W 2 spanned by ξ (which is in fact a submodule in As any vector v of W 2 is an E ′ -linear combination of several elements in the H-orbit of v ′ , we may assume
Lemma 2.5. Let E ′ |E be an extension of fields, H be a group and (ρ, W 2 ) be an irreducible E ′ -representation of H. Let W 1 be an E-representation of H such that (i) the sum Σ of all proper E-subrepresentations of ker ρ in W 1 is proper 6 and (ii) W 1 /Σ is absolutely irredicible in restriction to ker ρ and its restriction to the pointwise stabilizer Ξ of Σ in ker ρ is non-trivial. Then any proper E ′ -subrepresentation of H in
Proof. Let ξ ∈ W 1 ⊗ E W 2 be a vector, which is not in Σ ⊗ E W 2 . It suffices to check that the E ′ [H]-span V of ξ contains W 1 ⊗ v for some non-zero v ∈ W 2 , as then V coincides with W 1 ⊗ E W 2 : any vector of W 2 is an E ′ -linear combination of several elements in the H-orbit of v and
It follows from Lemma 2.4 that V is surjective over (W 1 /Σ)⊗ E W 2 . In particular, V contains an element of type m i=1 a i ⊗ b i for some a 1 ∈ W 1 Σ, whose projection to W 1 /Σ is not fixed by Ξ, for some a 2 , . . . , a m ∈ Σ and for some E ′ -linearly independent b 1 , . . . , b m ∈ W 2 . Then there exists an element h ∈ Ξ such that ha 1 − a 1 ∈ W 1 Σ, and therefore, V contains an element of type m i=1 a ⊗ b 1 for some a ∈ W 1 Σ. Proposition 2.6. Let W ∈ Sm G (E) be an object. For any open subgroup U of G, denote by W (U ) the sum of all proper subrepresentations of U in W ; and by Ξ U the pointwise stabilizer of W (U ) in U . Suppose that for any open subgroup U of G: (i) the E-representation W/W (U ) of U is absolutely irreducible and non-trivial in restriction to Ξ U 7 and (ii) any irreducible smooth representation of K can be embedded into W so that its image does not meet W (U ) . Then I S annihilates any quotient of W ⊗ E V for any V ∈ Sm G (E).
Proof. It suffices to check the vanishing of I S (W ⊗ E V ). Extending the coefficients if needed, we may assume that E is big enough (i.e., algebraically closed and #E > #k), so that any smooth irreducible E-representation of any open subgroup of G is absolutely irreducible. The vanishing holds if the G-module W ⊗ E V is spanned by the elements gξ − ξ for all ξ ∈ (W ⊗ E V ) K and all g ∈ G. Equivalently, as the restriction of V to K is semisimple, the G-span of such elements gξ −ξ contains W ⊗ E ρ for any irreducible E-subrepresentation ρ of K in V . By (ii), W contains a E-subrepresentation of K which is (a) dual to ρ and (b) outside of W (U ) , where U ⊂ G is the pointwise stabilizer of ρ. Then there is an element ξ ∈ (W ⊗ E ρ) K , which is not in W (U ) ⊗ E ρ.
As the Ξ U -module W/W (U ) is non-trivial, there exists an element u ∈ Ξ U such that η := uξ − ξ is not in W (U ) ⊗ E ρ. Denote by U the subgroup in G generated by U and K. Then U contains U as a normal subgroup of finite index; U acts on W (U ) ; ρ can be viewed as a representation of U via the identification U /U = K/U ∩ K. By Lemma 2.5 (with H = U ), the element η generates the E[ U ]-module W ⊗ E ρ.
Lemma 2.7 (A source of representations of G containing all irreducible smooth representations of K). If a subrepresentation
F |k does not contain regular forms, 9 i.e., forms from Γ(X, Ω • X|k ) for a smooth proper k-variety X with k(X) ⊂ F , then W contains each irreducible smooth representation ρ of K.
As mentioned in §2.1, if no non-zero element of D E (G) annihilates a smooth representation W then W contains all irreducible smooth representations of K. The vanishing of the annihilators of F/k and F × /k × is shown in [7, Prop.4.2] . Assume for simplicity that F K |k is purely transcendental. 6 Σ is H-invariant: as ker ρ is a normal subgroup of H, the group H permutes the ker ρ-submodules in W1, while Σ is the maximal proper ker ρ-submodule in W1. 7 In particular, W is absolutely indecomposable. Any non-zero quotient of A(F ) for an absolutely simple algebraic k-group A is an example of such W . (Indeed, any open subgroup U ⊂ G contains G F |L for a finitely generated L in F |k, so any t ∈ A(F ) A(L) is a cyclic vector of A(F ), considered as U -module. Here L is the algebraic closure of L in F . If the transcendence degree of L|k is minimal then, by [10] , L is U -invariant, so A(F ) (U ) = A(L). ) 8 Schur's lemma=[2, Claim 2.11]: Let H be a totally disconnected group and E be a field of cardinality greater than the cardinality of H/U for any open subgroup U of H. Then the endomorphisms of the smooth irreducible E-representation of H are scalar.
9 Examples of such W are subrepresentations of Sym Proof. Let p ρ be the central projector in the group algebra of Q = K/ ker ρ onto the ρ-isotypical part. As explained in [8, Prop.7.6 ], W contains a non-zero element ω fixed by the group G F |k(P M ) for an appropriate M ≥ 1 and an embedding k(P M ) ֒→ F . The finite field extension F ker ρ |F K can be considered as a purely transcendental extension of a function field extension k(Y )|k(Y ) Q of smooth projective k-varieties of dimension ≥ M . Consider ω as a differential form with poles on P M k . Fix a sufficiently general finite morphism f : Y −→ P M k , unramified above the poles of ω, and such that the poles of f * ω pass through a fixed point of Y , but not through another point of its Q-orbit. Then, as Q acts freely on the set of 'sufficiently general' divisors on Y , the form p ρ f * ω is non-zero, and thus, p ρ f * ω spans a K-submodule in W isomorphic to ρ.
Remark. The vanishing of I S on any smooth semilinear representation V of G is evident: Let L be the function field of an affine k-space embedded into F . For any v ∈ V G F |L and any x ∈ F transcendental over L the vector xv belongs to V G F |L(x) , so its image I S V should be fixed by G. In particular, the image of xv in I S V coincides with the image of 2xv, and thus, xv becomes 0 in I S V . Such vectors xv span V , so I S V = 0. ֒→ F of X the orbit Kσ is finite, so the compositum L 1 of the images of the elements of Kσ is finitely generated over k. Let L 0 ⊂ F K be a finitely generated and purely transcendental extension of k containing L K 1 . Let Y be a K-equivariant smooth k-model of L 0 L 1 . Then p and π are induced by the inclusions k(X) ⊂ k(Y ) ⊃ L 0 .) Thus, the module I S W is the quotient of W by the Q-span of 0-cycles of type p * π * q 1 − p * π * q 2 for all dominant k-morphisms p : Y → X, generically finite k-morphisms π : Y → P N k and all generic points q 1 , q 2 ∈ P N (F ).
Lemma 2.9. Let X be a smooth proper curve over k of genus g. Then the G-module
֒→ F be generic points of X such that s j=1 γ j − s j=1 δ j is the divisor of a rational function on X F . We need to show that
There is a collection α 1 , . . . , α g : k(X) /k ֒→ F of generic points of X such that the class of Remark. The G-module Z rat 0 (k(X) ⊗ k F ) from Lemma 2.9 is generated by w g+1 . Proof. There exists an effective divisor D (of degree g) in the linear equivalence class of Proof. By Lemma 2.9, it suffices to show that the images of the generators w N in I S W are zero. Denote by g ≥ 0 the genus of X, by ψ N a generic effective divisor on X of degree N with a special class in Pic N X. Then w N = σψ N +g − τ ψ N +g for some σ, τ ∈ G, so it suffices to show that the images of ψ N 's in I S W are fixed by G. Denote by
the natural morphisms and set Y := (rs) −1 ( * ). Let p : Y ⊆ X N −→ X be the projection to the first multiple; set π = s| Y : Y −→ r −1 ( * ). The projection to the first N − g multiples Y −→ X N −g is generically finite of degree g!. If N ≥ 2g − 1 then r −1 ( * ) ∼ = P N −g . Assume also that N ≥ g + 1 (i.e. N ≥ max(2g − 1, g + 1)). As s is generically finite of degree N !, one has (N − 1)!ψ N = p * π * q for a generic point q of r −1 ( * ).
Denote by I G the full subcategory in Sm G of "homotopy invariant" representations: Proof. Let S be the collection of pairs of type (G F |L(x) ⊂ G F |L ) for all subfields L in F |k of finite type and elements x ∈ F transcendental over L. The following conditions are equivalent:
(1) a smooth representation W of G is "homotopy invariant";
(1)⇔(3) and (1)⇔(2) are evident; (2)⇔(1) is proved in [7, Corollary 6.2] . This verifies the condition (2) of Proposition 2.2. For each pair (G F |L(x) ⊂ G F |L ) ∈ S fix some σ ∈ G F |L with x and σx algebraically independent over L. Then the condition (1)(i) is obvious:
2.5. Summary of equivalences. The following categories are equivalent:
(1) the category of dominant A 1 -invariant sheaves of E-vector spaces; (2) the category of dominant A 1 -invariant presheaves of E-vector spaces with the Galois descent property; (3) the category Sm S G (E), where S consists of the pairs of type (G F |L ′ ⊂ G F |L ) with purely transcendental L ′ |L in F |k. These equivalences restrict to equivalences of corresponding subcategories: (1) of sheaves of finite-dimensional spaces, (2) of presheaves of finite-dimensional spaces, (3) of admissible representations of G.
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Consider the following properties of a smooth representation W of G:
(1) W ∈ Sm S G (E), where S consists of the pairs of type (G F |L ′ ⊂ G F |L ) with purely transcendental L ′ |L in F |k; 10 A representation of a totally disconnected group is admissible if it is smooth and the fixed subspaces of all open subgroups are finite-dimensional.
(2) the restriction of W to a compact subgroup U does not contain all smooth irreducible representations of U ; (3) the annihilator of W in the algebra D Q (G) is non-zero. One has (1)⇒(2)⇒(3). [(2)⇒(3) is explained in §2.1. (1)⇒(2): If F U is purely transcendental over k, there are many irreducible smooth representations of U , entering in no object of Sm S G (E). Any non-trivial smooth irreducible representation τ of U such that F ker τ is unirational (e.g., purely transcendental) over k is an example of such representation. Clearly, for any such τ the natural projector p τ ∈ D Q (G) onto the τ -isotypical part belongs to the common annihilator of the objects of Sm 
S G (E)
is semisimple. It is described in Lemma 1.1.
3.1.
Maximal A 1 -subsheaf and the A 1 -quotient of (closed) forms. Recall ( §1.2) that the inclusion functor I G → Sm G admits a right adjoint W → W (0) , the maximal subobject in I G . The following fact points out once more the cohomological nature of the objects of I G . 
The first isomorphism is functorial with respect to the dominant morphisms Y −→ Y ′ , the second one is functorial with respect to arbitrary morphisms Y −→ Y ′ . Lemma 3.2. Let L be an algebraically closed extension of k and x be an indeterminant. Then there are iso-
L|k . Using partial fraction decomposition of rational functions in L(x), we get a presentation η = j≥0 x j η j + α∈L, j≥1
L|k (and we may assume that η i are L-linearly independent). Using partial fraction decomposition of the rational functions φ i ∈ L(x), we see that if ω is closed then dη 1,α = 0, φ i ∈ L and i φ i η i ∈ Ω q L|k is closed.
11 By definition, this means that any maximal system of elements of F × with independent images in the valuation group, should be a transcendence base of F over a lift of a subfield of the residue field. By [7, Lemma 6.3, p.200] , to show that ker π q = M q it suffices to check that, for any algebraically closed extension F ′ |k in F and any t ∈ F F ′ , any 3. For an algebra A ∈ Sm G it is not always true that the kernel A • of the projection A → IA is an ideal. E.g., let A = A • be the (graded) tensor, symmetric or skew-symmetric algebra of
3.2. The semisimplicity of the regular forms of top degree. Let L be an algebraically closed extension of k with 1 ≤ q = tr.deg(L|k) < ∞. Define a representation Ω . Proof. By [8, Lemma 7.7] , the semilinear representation Ω j F |k is irreducible for any j ≥ 0. In particular, F -linear envelope of the G-orbit of ω is the direct sum of Ω j F |k over all j ≥ i such that the homogeneous component of ω of degree j is non-zero. Then dz ∧ σω = d(z · σω) for all z ∈ F and all σ ∈ G span the direct sum of Ω j |k,exact over all j ≥ i as above.
• a C-antilinear isomorphism H
, where σ is the complex conjugation and χ is the modulus of G L|k .
There exists a non-canonical Q-linear isomorphism H s,t L|k
Proof. For any smooth projective k-variety X the complexified projection
The semisimplicity of the k-representation H q dR/k,c (L) of G L|k is equivalent to the semisimplicity of its complexification. For the latter note that there is a positive definite G L|k -equivariant hermitian form
L|k . Here H s,t prim (X ι (C)) denotes the subspace orthogonal to the sum of all Gysin maps 
is exact, even as a sequence of presheaves.
Proof. As Res commutes with the restriction to any sufficiently general curve C, Res X (ω)·C = Res C (ω| C ) ∈ CH 0 (X), deg(Res X (ω) · C) = 0 by Cauchy theorem, the pairing NS(X) Q ⊗ CH 1 (X) Q /hom −→ Q is nondegenerate (by Lefschetz hyperplane section theorem), the class of Res X (ω) in NS(X) Q is zero. Thus, Res X factors through the algebraically trivial divisors on X.
Clearly, the kernel of Res coincides with H 1 dR/k,c , cf. [6] . 13 Then it remains to show that any algebraically trivial divisor on X is the residue of a closed 1-form. Any algebraically trivial divisor can be written as D 1 −D 2 for a pair D 1 , D 2 of algebraically equivalent effective divisors on X. There is a smooth projective curve C, and an effective divisor D on X × C, such that pr X : D → X is generically finite and D P − D Q = D 1 − D 2 for some points P, Q ∈ C. By Riemann-Roch theorem for curves, there exists a 1-form ω P,Q ∈ Ω 1 C (P + Q) such that Res C (ω P,Q ) = P − Q: there is a non-holomorphic 1-form with simple poles in the set {P, Q}, since dim k Γ(C, Ω 1 C (P + Q)) = dim k Γ(C, Ω 1 C ) + 1; there are no 1-forms with precisely one simple pole, since Γ(C, Ω 1 C (P )) = Γ(C, Ω 1 C (Q)) = Γ(C, Ω 1 C ). Then Res X (pr X * ((pr * C ω P,Q )| D )) = D 1 − D 2 . Proposition 3.7.
• The maximal semisimple subsheaf of Ω ⊕ Ω 1 |k,reg , where A runs over the set of isogeny classes of simple commutative algebraic k-groups; Γ(A, Ω 1 A|k ) A(k) = Hom k (Lie(A), k) denotes the space of translation invariant 1-forms on A. The projection Ω 1 dR/k (k(X)) are zero then integration along a loop depends only on its homology class in H1(X, Q).
There is an element η of H 1 dR/k (X) with the same periods as ω, so integration of ω − η along a path joining a fixed (rational) point with the variable one is independent of a chosen path, and defines a meromorphic (i.e. rational) function.
• The sheaf V 1 : Proof. In notation of Lemma 3.6, the sheaf Div 
